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ABSTRACT 


An explicit form for a stationary dilation for periodically correlated 
random processes is obtained. This is then used to give spectral conditions 
for a periodically correlated process to be non-deterministic , purely non- 
deterministic, minimal, and to have a positive angle between its past and 
future. 
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1. INTRODUCTION . Stationary stochastic processes have been extensively 
studied and the prediction theory of such processes is well developed and 
more or less complete. Although many facts are known for nonstationary pro- 
cesses, the theory of nonstationary processes needs more investigation. A 
wide class of nonstationary processes is that of harmonizable processes 
which were introduced by Loeve [15] and studied by several authors such as 
Cramer[3]. Rozanov [24], Abreu [1], Nieme [19], [20] and Miamee and Salehi 
[17]. A sequence X n , n e Z in a Hilbert space H i£ called Harmonizable if 
its correlation function Y(n,m) = can be expressed as 

(1) V (n,m) = I 

Jo 

where F is a complex-valued measure of bounded variation on the square 
[0,2ir] x [0,2-rr]. Harmonizalbe processes are natural generalizations of sta- 
tionary processes. In fact, if the mass of the measure F is concentrated on 
the diagonal of that square, a harmonizable process reduces to a station- 
ary one. Nevertheless, since the class of harmonizable processes is so 

* 

broad, unlike the case of stationary processes, their studies are not as 

conclusive. Another class of nonstationary stochastic processes is that of 

periodically correlated processes: A sequence X^ in a Hilbert space H is 

called periodically correlated with p eriod T if_ Y(n,m) = Y(n + T, m + T) , 

for all m,n e Z, where Y(n,m) = (X ,X ) is the correlation function of X . 

n m n 

Periodically correlated processes have been recently studied by several 
authors including Gradyshev [6], [7] who gave the first mathematical treatment 
of these processes, Pourahmadi and Salehi [23], Ogura [21], Pagano [22 ], 

Hurd [11], [12], [13], and Miamee and Salehi D-8 ]. Such processes have many 
applications [2], [5], [8]. 

For a periodically correlated process X^, the behavior of its spectral 


-i(n0 - m'F) 


dF(0 ,¥) , 
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distribution is quite clear now. In fact, (cf. [6]), its 

spectral distribution F in (1) is, in this case, concentrated on 2T-1 equi- 
distant straight line segments parallel to the main diagonal of the square 
[0,2ir} x [0,2ir]. For harmonizable processes, an important fact which was 
first observed by Abreu in [1] is the following theorem: Given any harmoni - 

zable process iri a Hilbert space H, there exists a larger Hilbert space 
K £ H and a_ stationary process X^ in K such that 

X = P X , for all n e Z, 
n — n 

where P jls the orthogonal pro.j ection of K onto H. Any such stationary process 

X^ is called a stationary dilation for X^. Abreu in [1] gives the spectral 

measure of one of these stationary dilations. However, that does not give 

a clear picture of what the connection between X and its stationary dilation 

n 

X ^ is, thus it would be useful if one could obtain an explicit form for a 
stationary dilation X^ in terms of X^ which would give a clear understanding of 
X ^ in both the time and spectral domain^ 

In this note, we give a complete answer to this question for periodically 
correlated processes by giving an explicit closed form for a stationary dila- 
tion process X for X . This will express X in terms of the original 
— n n ~n 

process X^ in the time domain (Theorem 2.1) as well as in the spectral domain 
(Theorem 2.3). In section 3, we use these cruicial representations^ established 
in section to obtain spectral conditions for a harmonizable process to be 
nondeterministic, purely nondeterministic , minimal, and interpolable. In 
section 4, we obtain spectral conditions for a harmonizable process to have a 
positive angle between its past-present and future. 

2. EXPLICIT FORM OF A STATIONARY DILATION FOR PERIODICALLY CORRELATED PROCESSES. 

In this section, after introducing some preliminary results concerning 
periodically correlated processes, we give a closed form expression for a 
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stationary dilation process for a given periodically correlated process 

X . This expression gives X in terms of X in the time domain (Theorem 2.1) 
n -n n 

Then we find the spectral measure of X , and thereby give an explicit expres- 

~ n 

sion for this stationary dilation in the spectral domain (Theorem 2.3). 

Let X be a periodically correlated process with period T. Then for 
n 

each x, the function R(n,x) defined by 

R(n,x) = V(n .+ x,n) = (X ,X ) 

n i t n 

is periodic in n with period T. Since R(n,x) is periodic in n, one can write 


( 2 ) 


R(n,x) = Z R fc (x) exp — ) • 


For convenience, we extend the definition of these Rj t (x), k-0, 1, 2, ..., T-l 
to all integers by R^x) = \+x^ T ^ ’ It: is shown ^ that each has a 

representation of the form 


-2ir 


(3) 


V T) - 


e' itA <1F.<A), 


2ir 


where each F (.) is a complex valued measure on CO, 2tr], It is also shown 

K 


in [6] that 
(4) 


2v2n 


R(n,x) = 


4tt 



e -i <n + t)6 + in* dF(e _ y) 


0 ' 0 


or 


(5) 


"2tt /'2tt 


Y(n,m) = -~ 

4tt /0 


^-i (m0 - nV) 


where the spectral measure F(.,.) is given by 

T - 1 


( 6 ) 


F (A,B) = X 


k - -T + 1 


dF k (X) 
An 


( E - &) 


and B - a is the sec of all b - a with b e B. This shows 
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that periodically correlated processes do satisfy (1) with a spectral measure 
which is concentrated on 2T - 1 straight line seements. 0 - V = 2irk/T, 
k = -T + 1, .... T - 1 contained in the square [0,2ir] x [0,2 tt]. 

Representations (5) and (6), which are of the form (1), in particular 
show that any periodically correlated process is harmonizable and hence, 
by Abreu's result mentioned in section 1, has a stationary dilation. The 
next theorem gives our explicit form for one such dilation which is probably 

the most natural one in this case, gut first, we introduce the direct sum 

T T 1 2 T 

H of T copies of H. H consists of all vectors X = (X , X , ...» X ) with 

i T 

X eH, i=l, 2, ...,n. We endow H with the Euclidian inner product. For 
X = (X 1 , X 2 , .... X T ) and Y = (Y 1 , Y 2 Y T ) in H T , we define their inner 


product ((X, Y)) to be 


((X, Y)) = I (X 1 , Y 1 ), 
i=l 

T 


and hence the norm to be 


= i£l |X 


i i 2 


2.1 THEOREM . Let the sequence X^ in the Hilbert space H be a periodically 

correlated process with period T. Then the process X = (X , . . . , X L _ . ) in 

— n n n + T - 1 


K = H is stationary and 


X = P X , 
n — n 


where P is the projection of K onto its first coordinate (which is certainly 
an orthogonal projection). 

Proof. To see that X is stationary, we write 

n 

T-l 

((X , X )) = Z (X . , X , .) 

-n -m j_ 0 n+j m+j 

T-l 

- (X , X ) + .E. (X . , X . ) 
n’ m j=l ' n+j m+j 


Since X is periodically correlated with Period T, we have (X , X ) - 
n m n 

(X m+T , X n+T ) so we can write 
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4» ■ «„«• W + ^ <X n+j • W 

T T-l 

= Z (X , X ) = Z (X , .. . X ..... 
j=l n +j m+j j=0 V n+l+j) m+l+j) 

The rest of the theorem is clear. 

In particular, this theorem shows that given any periodically correlated 

process X n with period T and values in H, then X^ = (X^ ^n+T-1^ a 

T 

stationary dilation for it which takes values in K = H . 

2.2 REMARK . One can easily see that the stationarity of is equivalent to 
the fact that X^ is periodically correlated. 

The next Theorem which gives the spectral measure of this particular sta- 
tionary dilation of X is crucial for any spectral analysis of our process X 

n n 

via its stationary dilation. 

2.3 THEOREM. If X is a periodically correlated process with period T and X 

n n 

is its stationary dilation as introduced in Theorem 2.1, then the spectral 

measure of X is T times dF n (X) (cf. (3) where F is the diagonal part of the 
— n U u 

measure dF of X ) . 

n 

PROOF . Using (2) and (3) we can write 

T-l T-l 

((X » XJ) = I (X , X ) = I R(j, n) 

““ ~° j=0 n+J J 3=0 


T-l T-l „ ., . 

= £ I R, (n) exp( — ir T " j L ) 

j=0 k=0 


T-l T-l 



exp ( 


-inX 


2trikj 

T 

T-l 


^2 IT 


e" inX dFtjA) 


Z exp( 
j=0 


) dF k (X) # 


But one can easily check that 
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T Z 1 2iTiki s 

Z exp( r-^— ) = 

j-0 


(1 t if k=Q 


0 , otherwise. 


Taking this into consideration, we can continue to. write 

<"2 TT 


« 4 - 2 o» - 57 


e' ini dF.U), 


which completes the proof. 

3. MINIMALITY, INTERP0LAB1LITY , DETERMINISM AND PURELY NONDETERMINISM. 


In this section, we establish spectral conditions for a periodically 
correlated process to be minimal, interpolable, deterministic, or purely 

nondeterministic. 


Given any process X (not necessarily stationary) , we define H (+<») = 

n x 

SP (X : k e Z}, H (n) - SP {X : k < n), H (-») = nH (n) and H' (n) = 

K X K X “ a X 

SP {X^ : k * n}. The process X is called deterministic if H (-'») = H (n) 
ic n ~ x x 

for all n, minimal if H^(n) x for some n e Z, and purely noadetermin- 


istic if H (-<*>) = 0. 
x 


3.1, THEOREM . Suppose the periodically correlated process with period T is 
purely nondeterministic. Then Fq must be a.c.vfith jrespect to Lebesque measure 

/2n 


log f q(1 )<U > -•», 


where f is the density of F^. 

PROOF . Let be the stationary dilation of X^ given in Theorem 2.1. Then 
it is not hard to see that 

H (n) c H (n) 0 . . . © fl (n+T-1) , for all n e Z. 

X — X X 

From this one immediately gets 


H (-<*>) £ H (-“) <£) ... ©H (-«). 

AX A 

Since X^ is assumed to be purely nondeterministic and H^C- 00 ) = 0* We conclude 



7 


that H (- 00 ) = 0, which means X is purely nondeterministic . Now the theorem 
x n 

follows from a well known result for stationary processes [4] [14] which says 

that our stationary process is purely nondeterministic if and only if its 

spectral measure (see Theorem 2.3) TF is a.c. and its spectral measure Tf_ 
/-2ir U ° 

satisfies ( log(Tf (X))dA > which is the same as saying F^ in a.c. 
/2rr Jo 

and l log f_ > -<*>. 

)o U 

3.2 THEOREM . Let X be a periodically correlated process with period T. For 

(to dF 0 

X to be deterministic, it suffices to have log -r; — dX = -«>, where 

0 denotes the Radon-Nykodixm derivative of the absolutely continuous part 


of F . 

(Z* dF 0 {to /TdF x 

PROOF. If \ log dX = -oo, then ( log [ 0 1 dX = This 

) 0 de Jo V'lT'J 

together with Theorem 2.3 and the well known characterization of deterministic 


stationary processes [4],[14] implies that the stationary dilation X of X 

* n n 

is deterministic. But since X = PX , one can easily see that this 

n —n 

forces X to be deterministic, 
n 

The above proof is similar to that of a corresponding proposition in L1J 
regarding harmonizable processes. 

Proofs of the following two theorems are similar to those of Theorems 

3.1 and 3.2 above. In fact, they follow from Theorems 2.1 and 2.3 by recalling 
the corresponding well knowns results for stationary processes (cf. [4], [14], 
[25] in exactly the same way. Hence we omit the proofs, 

3.2 THEOREM . Let X^ be a periodically correlated process which is minimal. 
Then F^ is a.c. and its density fQ(X) is a.e. invertible with 


f 0 (x) 


3.4 THEOREM . The periodically correlated process X^ is interpolable if 
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2ir 


fo 

dX 


dA - 


for every non-zero trigonometric polynomial P. 


4. POSITIVITY OF THE ANGLE BETWEEN PAST-PRESENT AND FUTURE , In this section, 
we study the angle between past-present and future for a periodically 
correlated process and, using our results of section 2, we get some necessary 

spectral conditions for this angle to be positive. The positivity of this 

\ 

angle is closely tied with the set {X^} forming a Shoulder basis for its 
time domain H (+«) . (For this and other applications of this concept one can 
see [9], [10] and [16]). 

For a given process X n> besides the subspaces we introduced at the 
beginning of section 3, we need to define F(n) = SP{X^: n < k). As a measure 
of the angle between two spaces M and N (in a Hilbert space) it is customary 
to consider the quantity (cf,[9]) 


P(M,N) = Sup 
X,Y fO 



(X.Y) 


J 


Y 


X e M, x e w. 


I 


It is clear that P(M, N) 1 and if it is strictly le3S than 1, it is said 

that the angle between M and N is positive . If, in particular, M is taken to 

be H^(n) and N is taken to be F^(n), then we sa Y that the angle between past- 

present and future of X at time n is positive ifp (n) = p(H (n) , F (n)) < 1. 

n x xx 

If X is stationary, then p(n) is a constant function of n, and if X is 
n n 

periodically correlated with period T, then p (n) is periodic with period T. 
The stationary process X^ is said to have a positive angle between its past 
and future if p(n) < 1 for some and hence every n. A periodically correlated 
process X^ has a positive angle between its past and future if p(n) < 1 for 
every n = 0,1,... T-l and hence every n. Positivity of the angle between past 
and future is some kind of regularity which is stronger than the ones often 
used in prediction theory, namely nondeterminism, purely nondeterminism, 
minimality, etc. (cf. [9] and [/6 ]) . 
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The following theorem connects the positivity of a periodically correlated 

process X^ with its stationary dilation introduced in Theorem 2.1. 

4.1 THEOREM. Let X be a periodically correlated process whose angle between 
n 

past and future is positive. Then, the angle between past and 

future of its stationary dilation X^ given in Theorem 2.1 is also positive. 

PROOF. Take a finite linear combination a = Z a,JC, in H (0) and another one 

k<0 - 

0 = 1 b X. in F (1). Then we can write 
• i i~ j x 

j>1 J J — 


««,e»H«'£ ^ i bx))| 

1 K. J>1 J J 


k<0 

T-l 


E ( z W+i’ 2 Vw 51 

1=0 k<0 k K j^o 2 2 

( Z a X.^., Z b .X ) 
k<0 ^ j>0 J J +1 


T-l 

1 £ 
i=0 


T-l 

Z 

i=0 


< Z o (i) I Z a X . Z b.X._ j 

x * 1 k k+i 1 ^ , j j+x ' 


k<0 


dll 


T-l 

" p x E E W+i 1 1 z Vi+i 

X i=0 k<0 x 1 j>l u J 


where p = max {p (i) : i=0, 1 ,2 , . . . ,T-1 } . We can further write 


x 

<(a,e)) 


T-l 


2 is T-l 


2 *s 


< p ( £ | £ a X | ) < £ | £ b X | ) 

x i=0 k<0 K i=0 j>l J J 1 


So we have 

| ( (ot ,B) ) | < Pj | | a Ml IH 3 III, 

which implies that p < p . Now since we have assumed that p < 1 , we conclude 

X — X x 

that p^ c 1 , which completes the proof. 

From the well known characterizations for positivity of the angle for 
stationary processes [10], [9], it follows that the process has a positive 
angle if and only if F^ is a.c. with a density f^ which either satisfies the 
Muckenhoupt condition [10] 
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where S up is taken over all intervals I c [0,2tt], or is of the Halson 


-Szego type [9] 

( 8 ) 



where u is a bounded real function and v is the conjugate of a real function 
v which is bounded and satisfies the condition | | v | I < — — - . 

Putting the facts just mentioned along with our Theorem 4.1, we get the following. 

4. 2 THEOREM. Let X be a periodically correlated process. For X to have a 
n n 

K 

positive angle between its gaat and future, . ft ia necessary that 

Fq be a.c. and f^ satisfies either the Muckenhoupt condition (7) or is of 

Helson-Szego type (8) . 
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